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Abstract
Algebra acts as one of the building block for mathematics today. In this paper, the
concept of Polynomials on SP-Ring has been introduced. The definition of SP-
Polynomial, degree of SP-polynomial, primitive SP-Polynomial, irreducible SP-
Polynomial, content of SP-Polynomial, some theorems, Gauss lemma and the
Eisenstein Criterion are also defined and established.
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1 Introduction

In 1978, K.Iseki and S.Tanaka introduced the concept of BCK-Algebra[2]. K.Iseki introduced BCI-
Algebra[1] in 1980. M.Mullai and K.Shanmuga priya introduced a new notion of algebra known as SP-
Algebra[4], which is a subclass of BH-Algebra[3]. Further that paper was extended to SP-Ring[5] by them.
In this paper, SP-Ring concept is applied to ’polynomials formed from SP-Ring. This paper display
definitions, theorems related to SP-polynomials and also provide SP-Ring over unique factorization
domain, Gauss lemma and Eisenstein Criterion are also established.

2 preliminaries

Definition 2.1 An Algebra(X, * e) of type (2,0) is said to be Semi SP-Algebra if
1. x *x=e.
2. X ®*e=X.
3. if x #*y=e and y #x=e, then x=y, where =is a binary operation and e is any constant.

Definition 2.2 [5] A non-empty set X together with two binary operations ‘* and ‘A’, is called SP-Ring, if
it satisfies the following axioms:

1. (X, #) is a Semi SP-Algebra.

2. A’is associative on X.

3. ad(bxc) = (adb) qaAc).

All Rights Reserved ©2018 International Journal of Computer Science (1JCS Journal) and

Department of Mathematics, DDE, Madurai Kamaraj University, India

Published by SK Research Group of Companies (SKRGC) - Scholarly Peer Reviewed Research Journals
http://www.skrgcpublication.org/ Page 2293




Scholarly Peer Reviewed Research Journal - PRESS - OPEN ACCESS
ISSN: 2348-6600

Since 2012

http://www.ijcsjournal.com Volume 6, Issue 1, No 04, 2018 ISSN: 2348-6600
Reference ID: 1JCS-343 PAGE NO: 2293-2300
Department of Mathematics, DDE, Madurai Kamaraj University, India January 8-10, 2018
International Conference on Algebra and Discrete Mathematics (ICADM-2018)
http://icadm2018.org icadm2018@gmail.com

4. (a#)Ac = (adc)#(bAc), Va, b, c e X.
Definition 2.3 [5] A SP-Ring (X, * A) is called integral domain if it has a constant e and the set of all
elements satisfying x A x =€ is a semi SP-Algebra under A.

Definition 2.4 [5] Let (X, # A) be an abelian SP-Ring and a, b € X, a = 0. Then a divides b [write a/b], if
there exists an element ¢ € X such thatb =a 4 c.

Definition 2.5 [5] In an Euclidean domain (X, # A), an element a € X is said to be prime if ‘a’ cannot be

expressed asa =b A c, where b, c =€ X, and e is constant in X corresponding to A.
2.1 SP-POLYNOMIAL

Definition 2.6 A non-empty subset S of a SP-Ring (R, # A) is called a SP-Subring if S itself is a SP-Ring
under the same operation as in R.

Example 2.7 (22" «{0}, &, .) is a SP-Subring of (Z* {0}, &, .)

Definition 2.8 Let R be a SP-Ring. A polynomial f(x) with coefficient in R is defined to be an expression of
the forma  +ax +a, X +..ta, x", where n is a positive integer and a, a, ..a eR.a is called the co-

efficient of x". a x" is called a term of the polynomial. This f(x) can be called as SP-Polynomial.

The set of all polynomials with co-efficient in R is denoted by R[x].

Definition 2.9 Let f(x) = a, + ax + a, X2 +..ta, X", a_ # 0 be a non-zero polynomial in R[x]. Then the
degree of f(x) written as deg f(x) is nand a_is called the leading coefficient of f(x).

Result 2.10 Every SP-Ring (R, # A) is closed under addition

Definition 2.11 If p(x) = a, + ax + a, x* +..+a_ X" and q(X) = b + b,x + b, x* +..+b_x™ are both in
R[x], then p(x) *q(x) = ¢, + ¢ x + ¢, G +..+C, X, where for each i, c. = (a *b), each c. € R. Therefore
p(x) *a(x) € RIX].

Definition 2.12 If f(x) = a  + a x + a, x* +..+a_x", and g(x) = b + b x + b, x* +..+b_x" in R[x], then
f(x) 4g(x) =c, +cx+c, G +.+C, x¢, where c=ab,+a b +.+a b eR. Therefore f(x) 49(x) e
R[x].

Theorem 2.13 Let R be any SP-Ring. Then R[x] with =and A defined above is also SP-Ring.
Proof:

Let f(x) and g(x) € R[X]
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Clearly f(x) *g(x) and f(x) 4g(x) € R[x]

Let 0 e R[x] is a constant element with respect to #

Clearly f(x) *f(x) = 0 and f(x) *0 = f(x)

If f(x) #g(x) = 0and g(x) #f(x) =0

To prove f(x) = g(x)

Letf(x) =a, +ax+a,xX’ +..+a x",a =0,

g(x) =b, + b x+b x*+..+b X", b =0,

Then f(x) #g(x) =c, +c,x + ¢, X’ +..+c X', where each ¢ = (a -b)
g(x) *#f() =1, +rx+r, X +..+r X, wherer = (b, *a)
Since f(x) *g(x) =0 =g(x) *f(x)

=1(x) #g9(x) = g(x) *f(x)

Therefore ¢, + ¢ X + ¢, X2 +..4C X' =1 + 1 X+ 1, X +..+r X
By definition each c. =r.

Therefore a. *b. =b. *a,

=2a #2b. =0,sincex *x =e

=2(a *b) =0

=a =b, Sincex *y=0,thenx =y

=f(x) = 9(x)

Hence R[x] is a SP-Algebra under #and 4

Since associative and distributive are obvious

(R[], # A) is a SP-Ring.

Theorem 2.14 R[x] is an integral domain iff R is an integral domain.

Proof: Assume R is an integral domain

To prove R[X] is an integral domain

ie) To prove R[x] has a constant e and the set of all elements satisfying f(x) 4 f(x) = e is a SP-Algebra
under 4

Since R is integral domain, € R

Clearly e e R[x] and f(x) 4 e = f(x)

S = f(x)/ f(x) A f(x) = e such that f(x) e R[X]

It is enough to prove that if f(x) 4 g(x) = e and g(x) 4 f(x) = e, then f(x) = g(x)
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Since f(x) Af(x) =€, f(x) 4g(x) =€,

f(x) 4 9(x) = f(x) 41(x), 9(x) 4f(x) =1(x) 49(x)
=f(x) 4 g(x) = f(x) A4f(x)

= (f(x) 49(x)) 4 9(x) = (9(x) 49(x)) 49(x)
=1(x) 4(9(x) 49(x)) = 9(x) 4 (g(x) 49(x))
=f(x) 4e =g(x) de

=1(x) = 9(x)

Therefore R[x] is SP-Algebra under A
Therefore R[x] is an integral domain
Conversly

R[x] is an integral domain

To prove that R is integral domain

Since R is a SP-Subring of R[x] and e in R

By definition, R is an Integral domain.
2.2 SP-POLYNOMIAL OVER UNIQUE FACTORIZATION DOMAIN

Definition 2.15 Let R be a Unique facorization domain. Let f(x) = a, + a x + a, X +..ta X", a =0in
R[x]. f(x) is said to be primitive if the g.c.d of the co-efficient of f(x) is constant e e R.
Definition 2.16 The g.c.dof a, a , ...a_is called the content of f(x) and is denoted by c(f).

Theorem 2.17 Let R be a Unique factorization domain.Let f(xX) € R[x] be a non-constant polynomial.
Then f(x) can be written as f(x) = ¢ Af (x) where ¢ = c(f) and f (X) € R[X] is primitive.

Proof:

Given R be a unigue factorization domain

Letf(x) =a +ax+a,x* +.+a X", a #0inR[x]

Let ¢ be the g.c.d of co-efficientsof a , a,, ...a_

Therefore c/a, for all i

:sai:cAbi, where bi eR

Hencef(x) = (cAbO)+(cAb1)x+...+(cAbn)x” Q)
= cA(b,+b x+..+b x")
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Sincethe g.cdofa a,..a isc, theg.cdofb, b, ..b isaconstante inR

Therefore f (x) is a primitive polynomial in R[x].

Theorem 2.18 Let R be a unique factorization domain. Then the product of two primitive polynomials in
R[x] is again a primitive polynomial in R[x].
Proof:
Given R is an Unique factorization domain
— 2
Letf(x) =a,+ax+a,x+.+a x",a =0
g(x) =b, + b x+b X’ +..+b x" b =0inR[X]
Let p be a prime element in R
Since f(x) and g(x) are primitive polynomials p does not divide all a, ‘s and bj 's,wherei=1,2..nj=

1,2,..m
Let a_be the first co-efficient of f(x) not divisible by p

Therefore p/a , p/a,, ...p/a_,, p does not divide a_
Similarly b_ is the first co-efficient of g(x) not divisible by p
p/by, p/b,, ...p/b__, p does not divide b_

r+s

The co-efficient of X" in f(x) 4 g(x) is givenbyc ., =(a,4b  +a 4b
+(@,,4b) + (@, 4b  +.+a A4Db)

P divides (a, 4b , +..+a  Ab_ . )pdivides(a  4b)+(a,  4b  +.+a Ab)andp does not
dividea Ab,

= p does not divide ¢

* "'+ar—1 4 bs+1) * (ar 4 bs)

r+s-1

Therefore for any prime element p in R there exist some co-efficient of f(x) A g(x) not divide by p

Hence f(x) 4 g(x) is primitive.

Definition 2.19 Let R be a SP-Ring. Let f(x) in R[x] be a non-zero polynomial in R[x]. Then f(X) is said to
be irreducible if f(x) cannot be factored as product of two polynomial in R[x].

Definition 2.20 Let R be a SP-Ring. Let F be the set of all elements of the form a/b, where a, b e R and b
#0. F[X] be the set of all polynomial of the form (a /b)) + (a,/b))x + ...+(a /b ) X", where n is a positive
integerand a, a,,..a €R.
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Result 2.21 (F, # 4) and (F[x], # 4) are SP-Rings.

Theorem 2.22 Let R be Unique factorization domain.Let F be the set of all quotients of R. Let f(x) € R[x]
and deg f(x) > 0. If f(x) is both primitive and irreducible in R[x], then f(x) is also irreducible in F[x].
Proof:

Let f(x) € R[x] and deg f(x) > 0

Suppose f(x) is irreducible in R[x], but reducible in F[x]

Then f(x) = g(x) 4 h(x), where g(x) and h(x) have the co-efficient in F

By clearing of denomintors and taking out common factor , then f(x) = (a/b) A4 r(x) 4 s(x), where a, b are
elements of R and r(x) and s(x) are primitive polynomial in R[x]

b Af(x) =b 4 (a/b) A4 r(x) As(x)

=b Af(x) =a Ar(X) 45(x)

The content of the left-hand side is b, since f(x) is primitive and both r(x) and s(x) are primitive

By theorem 4.4 r(x) 4 s(x) is primiitive,so the content of the right-hand side is a

Thereforea=Db

= f(x) = r(x) 4s(x), where r(x) and s(x) in R[x], by cancellation law

= f(x) is reducible in R[x] Which is a contradiction to our hypothesis

Hence f(x) is irreducible in F[x].

Theorem 2.23 Let R be a unique factorization domain. Let F be the set of all quotients of R. Let f(x) e
R[x] and deg f(x) > 0. If f(x) is primitive in R[x] and irreducible in F[x], then f(x) is irreducible in R[x].
Proof:

Suppose f(x) is primitive in R[x] and irreducible in F[x]

To prove f(x) is irreducible in R[x]

Suppose f(x) = g(x) 4 h(x), where g(x), h(x) € R[X]

Since R[x] < F[x], g(x), h(x) € F[X]

But f(x) is irreducible in F[x]

Therefore g(x) =k andk e R

=f(x) =k 4 h(x)

But f(x) is primitive

Therefore k must be constant &' in R

Hence f(x) is irreducible in R[x].

Theorem 2.24 GAUSS LEMMA
If the primitive polynomial f(x) can be factored as the two polynomials having co-efficient in F, it can be
factored as the product of two polynomials having co-efficients in R.
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Proof:

Suppose f(x) = r(x) 4 s(x), where r(x) and s(x) have co-efficient in F

By clearing of denomintors and taking out common factor ,we get

f(x) = (a/b) 4 r(x) 4 s(x), where a, b are elements of R and r(x) and s(x) are primitive polynomial in R[x]

b Af(x) =b 4 (a/b) A4 r(x) As(x)

=b Af(x) =a A r(x) A4s(x)

The content of the left-hand side is b, since f(x) is primitive and both r(x) and s(x) are primitive, by
theorem r(x) A s(x) is primitive, so the content of the right-hand side is a

Thereforea=Db

=f(x) = r(x) 4s(x), where r(x) and s(x) in R[x], by cancellation law

Hence f(x) can be factored as the product of two polynomials having co-efficients in R.

Theorem 2.25 EISENSTEIN CRITERION

Let f(x) = a, + ax + a, X +..ta, x" be a primitive polynomial in R[x]. Suppose there exists a prime

number p such that p/a  , p/a,..p/a , but p does not divide a_and p? does not divide a,- Then f(x) is

irreducible over F.
Proof:

Givenf(x) =a,+ax+a, X +..ta, x" be a polynomial in R[x]
To prove that f(x) is irreducible in R[X]
Suppose f(x) is reducible in R[X]
Then f(x) = (b, + b, x + ..+ b _X) 4 (c, +c x +...+c_X’), where b, bj R, b, bj =0, s<n
Thereforea, =b  Ac,
p? does not divide a, and p/a,
Hence p cannot divide both b and c,
Assume that p diviides ¢ and p does not divide b
Nowa =b Ac
n r S
Also p does not divide a_
p does not divide both b _and ¢
Choose m, such that p divides ¢ , ¢,, ... ¢, and p does not divide ¢ _

Clearlym <s<n
=m<n
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a =b Ac +b Ac_ _+..+b_ . Ac, forsomei, where0 <i<m
m 0 m 1 m-1 m—i i

Now p does not divide by Ac

and p divides (b, Ac_+..+b__Ac)

p does not divide a_

But p divides a since m <n, by our hypothesis

Which is a contradiction

Therefore f(x) is irreducible in R[X]

By theorem 4.5

f(x) is also irreducible in F[x].
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