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Abstract
The Jump graph J(G) of a graph G is the graph whose vertices
are edges of G and two vertices of J(G) are adjacent if and only if
they are not adjacent in (. Equivalently complement of line graph
L(G) is the Jump graph J(G) of G. In this paper, we give necessary
and sufficient condition for the decomposition of Jump graph of paths
into various graphs such as paths, cycles, stars, complete graphs and
complete bipartite graphs.
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1 Introduction

Let G = (V, E) be a simple undirected graph without loops or multiple edges.
A path on n vertices is denoted by P,, cycle on n vertices is denoted by C,
and complete graph on n vertices is denoted by K,. The neighbourhood of
a vertex v in G is the set N(v) consisting of all vertices that are adjacent
to v. |N(v)| is called the degree of v and is denoted by d(v). A complete
bipartite graph with partite sets V4 and V,, where |Vi| =7 and |V3] = s,
is denoted by K,;. The graph K, is called a star and is denoted by S5,.
Claw is a star with three edges. For any set S of points of G, induced subgraph
< S > is the maximal subgraph of G with point set S. The terms not defined

here are used in the sense of [2]. Page No : 2428



A decomposition of a graph G is a family of edge-disjoint subgraphs
{G1,Gs,...,Gr} such that F(G)= E(G1)UE(Gy)U...UE(Gy). If each G;
is isomorphic to H for some subgraph H of G, then the decomposition is
called a H-decomposition of G.

The Jump graph J(G) of a graph G is the graph whose vertices are
edges of G and two vertices of J(G) are adjacent if and only if they are not
adjacent in G . This concept was introduced by Chartrand in [1]. Let J(P,)
denote the Jump graph of paths. Then J(P,) is a connected graph if and only
if n > 5. Let us consider the connected jump graph of paths. Let the edges
of path P, be labelled as z,s,...,2, 1. Then the vertices of J(P,) be
labelled as x1, 9, ..., x,_1. Since the number of edges of path P, is (n—1),
the number of vertices of J(P,) is (n — 1). The number of edges of Jump

graph of paths J(P,) is (”;2).

In 2010, Tay - Woei Shyu [6] gave necessary and sufficient condition for
the decomposition of complete graph into P;’s and S, ’s. In this paper, we
give necessary and sufficient condition for the decomposition of Jump graph
of paths into various graphs such as paths, cycles, stars, complete graphs and

complete bipartite graphs.
Theorem 1.1. Let n be an odd positive integer with p = "=2 and

2
q= w. There ezists a decomposition of J(P,) into p copies of P,

and q copies of Cy iff n>5 and 3p+4q = (”;2).

Proof. (Necessity) Let n be an odd positive integer. Suppose that there exists

a decomposition of J(P,) into p copies of P, and ¢ copies of C; where
n—3 n—>5)(n—

p="3 and ¢ = ( 2 3. Clearly Jump graph of path J(P,) is a connected

graph if and only if n > 5. Since n isodd, n > 5. Since |E[J(P,)]| = (",?),

2
we have 3p + 4q = (";2).

(Sufficiency) Suppose 3p + 4q = (";2) where p = ”T_?’ and g = w.
Clearly xop_s3Top_s5Top_oTor_4; 3 < k < "TH forms P, in J(P,). Then we get
(%“—2) copiesof P;. Thus p = "7_3 Also {xlxgk,gxgxgk,ﬁl/él <k< "T“}
U {@stop_szaopoxs/5 < k <Y U {wsz_sweron_ows /6 < k < )
u...uU {mn_ﬁxgk_3xn_5x2k_2xn_6/k = "T“} forms C; in J(P,). Then

we get w copies of Cy. Therefore ¢ = w. Thus

ElJ(P,)] = E(P)U...UE(P,)UE(Cy)U...UE(Cy) where p = "% and

Vv VvV
p times q times

q = %. Thus J(P,) is decomposable into p copies of P, and ¢

copies of C}. n

Theorem 1.2. Let n be an even positive integer with p = ”7_4, q= %

and v =mn — 3. There exists a decomposition of J(P,) into p copies of P4,

q copies of Cy and one copy of S, iff n>6 and 3p+4q+r = (";2)

Proof. (Necessity) Let n be an even positive integer. Suppose that there
exists a decomposition of J(P,) into p copies of P, ¢ copies of Cy and
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one copy of S, where p = ”7_4, q= w and r =n —3. Since J(P,)
is connected, n > 5. Since n is even, n > 6. Since |E[J(P,)]| = ("}?), we
have 3p+4q+r = (",?).

(Sufficiency) Consider 3p + 4q + r = (";2) where p = %, qg= ("76)8&
and r = n — 3. Clearly wop 3%or 5T 2Tor—4; 3 < k < 5 forms Py

in J(P,). Then we get (5 — 2) copies of P;. Also the vertices
{120k smomor 01 /A <k <2} U {astop statopoa3/5 <k <2} U
{@5201-3T62o-275/6 <k < 2} U ... U {Zp1op_32n_6Tok—2Tn_7/k = 2}
forms Cy in J(P,). Then we get % copies of Cj. Also the vertex

Zn_1 is not in any of the above Py and Cj. Since d(z, 1) =n—3 in J(P,),

Tyt together with its neighbours forms Sp_3. Thus

E[J(P,)| = E(P4)u...uE(P4ZUE(C4)u...uE(OQUE(ST) where p =
P tzrrnes q tzrrnes

”T_?’,q = % and r = n — 3. Thus J(P,) is decomposable into p

copies of Py, q copies of C; and one copy of S,. m

Theorem 1.3. Let n be an odd positive integer with p = ”T_g and

q= ”T_5 There exists a decomposition of J(P,) into p copies of Py, q com-

plete bipartite gmphg of the form Koo | = 1,2,...,"7_5 iff n > 5 and
3p+2¢(q+1) = ("7).

Proof. (Necessity) Given that there are p copies of Py and ¢ complete
n—3

bipartite graphs of the form Kjo; | = 1,2,..., "7_5 where p = *7= and

q = 3% Clearly |E(J(P,)) = (","). Thus we have 3p+2q(q+1) = (",).

(Sufficiency) Consider 3p + 2¢(q+ 1) = (",?) where p = 5% and ¢ = 3>

Let the vertices of J(P,) be z1,xa,...,2, 1. Clearly Zop s¥op_5Top_oTok_4;
3 <k <2 forms Py in J(P,). Then we get (% —2) copies of Py

Thus p = (”T“ —2). Also, x,, and x,.; are non adjacent vertices for

m = 1,3,5,...,(n — 6) and they are adjacent with each of the vertices

Tmads Tmass Tma6s - - -, Ln_1. Lhus we get ”T’5 complete bipartite graphs of the

form KQVQZ; l = 17 2, ey nT—5 Thus E[J(Pn)] = E(P4) Uu...u E(P4) UE(KQQ)
P t;;nes

UE(Ks4)U...UFE(Ks,_5) where p= "2 Thus J(P,) is decomposable

into p copies of P, and ¢ complete bipartite graphs of the form Kjq;; [ =
n—3

n—>s _ _ n—=>5
1’2""’T Wherep_T and Q—T O

Theorem 1.4. Let n be an even positive integer with p = =2 and

2
q = 5. There exists a decomposition of J(P,) into p copies of Py, q

2
complete bipartite graphs of the form Koo1; 1 =1,2,...,25 and one claw

2
iff n>6 and 3p+2q(q+2)+3=(",7).

Proof. (Necessity) Consider that there are p copies of Py, ¢ complete

bipartite graphs of the form Kyo41; [ = 1,2,..., "T’6 and one claw where
p = ”T"l and ¢ = ”776. Since n is even and connected, we have n > 6

Clearly |E[J(F,)]| = (";%). Thus we have 3p+2¢(q+2) +3 = ("}?).
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(Sufficiency) Consider 3p+2q(q+2)+3 = (nEQ

Let the vertices of J(P,) be x1,z9,...,2,_1. Clearly mor_3%Top_5Tor_2Tok_4;

3 <k < § forms Py oin J(P,). Then we get (5 — 2) copies of Pj.

Thus p = (5 —2). Also, {%y, 41} are non adjacent vertices where m =

1,3,5,...,(n — 7). Then they are adjacent with each of the vertices
t n=>6
2

form Kooy 1 =1,2,..., ”T_G. Therefore ¢ = ”T_G. Also x,_1 is not a vertex

) where p:”T_4 and g = %5,

Tmads Tmtss Tty - - - » Tn_1. Lhus we ge complete bipartite graphs of the
of any P, and d(x,-;) = n — 6 in complete bipartite graph Kjo41; [ =
1,2,...,2%% Since d(z,-1) =n—3 in J(P,), the remaining neighbours of
Tp—1 together with z,_; formsaclaw. Thus E[J(P,)] = E(Py) U...UE(P))

'

p times
UE(Ky3)UE(Ky5)U. . .UE(Ks,_5)UE(S;) where p= "1 Thus J(P,) is
decomposable into p copies of Py, ¢ complete bipartite graphs of the form

Kooy 1=1,2,...,%5% and one claw where p =25% and ¢ = "T’G. O
Theorem 1.5. Let n be an even positive integer with p = "=% ¢ = %6 and
r = 5. There exists a decomposition of J(F,) into two copzes of Sp; (5—2)
copies of S, and two complete graphs of the form K, and K,_y iff n > 6

and 2p —2q+ (r —1)* = (",?) — &

Proof. (Necessity) We have |E(J(P,))| = (",?). Since, there are two copies

of S, (5 —2) copies of S, and two complete graphs K, and K,_; where
—4 n—6 n

p:”T, q="5 and r=3, we have 2p+(§—2)Q+(7”—1)2:(n;2)'

(Sufficiency) Consider 2p—2¢+(r—1)? = (",%)—%. Let the vertices of J(P,)

be labelled as  xy,29,...,2,-1. Now, the induced subgraphs
< {xl,xg,...,x%,l} > = K% and < {x2,$4,...,x%,2} > = K%,l. Let us
partition V(G) into V; and Vo where V) = {ngk/k’ =0,1,..., "7’2} and
Vy, = {x2+2k/k; = 0,1,...,%}. Consider zq,x,_1 € V4. Clearly z; is not
adjacent with z, and z,_; is not adjacent with z,_ 5. Also, both z; and
Tn_1 are adjacent with the remaining vertices in V5. Therefore xz; is
adjacent with (5 —1)—1 vertices. Similarly z,_; is adjacent with (§—1)—1
vertices. Hence we get 2 copies of S ni. Therefore p = . Each vertices of

Vi —{#1,7,1} is adjacent with (§ — 1) —2 vertices in VQ. Thus (5 —2)

vertices of V) is adjacent with (5 —3) verticesin V5. Thus we have (3 —2)

copies of Sn_s. Therefore ¢ = (%=8). Thus E[J(P,)] = E(S ) U E(S ) U

2

E(S,) UE(S,)...UE(S,) UE(K,) U E(K,_;) where p= "4 ¢= 225 and

Vv
("7_4 ) copies

= 5. Thus J(P,) is decomposable into two copies of Sy; (5

5 —2) copies of

S, and two complete graphs of the form K, and K,_;. O
Theorem 1.6. Let n be an odd positive integer with p = "3, ¢ = 5 and
r = ”T_l There exists a decomposition of J(P,) into one copy of Sp, n—3

copies of S, and two copies of K, iff n>5 and p—%—i—?ﬂ—r = (”;2) -,

Proof. (Necessity) We have |E[J(P,)]] = (",?). Since there is one copy of
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Sp, ”T_?’ copies of S, and two copies of K, where p = ”T_?’, q= ”7_5 and
r="221 wehave p— 3 + 72— = ("% — 4.

(Sufficiency) Suppose that p—2+r?—r = (";?) =% where p = %52, ¢ = 252
and r = ”T’l Let the vertices of J(P,) be labelled as x1,29,..., 2, 1.
Now, the induced subgraphs < {xl,xg, . ,xg_l} > = K% and

< {272,[174,...,27%_2} > = Kanl. Let us partition V(G) into V; and Vj
where Vi = {@119/k=0,1,..., 22} and Vi = {2940/k=0,1,..., 232},
Let x; € V1. x; is not adjacent with only x5 in V5 and x; is adjacent with
the remaining ”T_l—l vertices in V5. Thus we get one copy of S n_s. Therefore
p = 252, Each of the remaining vertices of V;—{z1} is adjacent with (%5*—2)
vertices in V5. Then we get (”7_3) copies of SnT—5 . Therefore ¢ = (%52).
Thus E[J(P,)] = E(S,)UE(S,) U E(S,)U... U E(5,) UE(K,)UE(K,) where

g

( % ) copies

p= ”7_3 , 4= ”7_5 and r = ”T_l Thus J(P,) is decomposable into one copy
of Sp; "T_S copies of S, and two copies of K,. O
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