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ABSTRACT. In this paper, we discuss about certain graphs from vector spaces and graph from
semimodules. More specifically, we present about the complement of the reduced non-zero
component graph(T*(M)) and we show that the graph T* (M)is connected and find its girth. Also,
we give a necessary and sufficient condition for T'* (M) to be complete and complete bipartite.

1. INTRODUCTION

The interdisciplinary study of graphs from algebraic structures is an optimal trend in research
area nowadays. With respect to the study of graphs associated with various algebraic structures,
enormous number of research publications ensures its utility from the idea of zero divisor graph of
a commutative ring with unity. The concept of graph from a commutative ring was introduced by
Beck [3] and later modified and named as zero-divisor graphs by Anderson and Livingston [2]. Till
now, lot of researchers [1, 2] have worked on graph structures from various algebraic structures. In
this direction, Das [7, 8] has introduced and investigated a graph called the non-zero component
graph of a finite dimensional vector space. Recently, it was generalized for semimodules by Bhuniya
and Maity [5] and named the graph as the reduced non-zero component graph I'*(V). In this paper,
we study about the complement of the reduced non-zero component graph [7, 5] of a finitely
generated free semimodule M over a semiring S with identity having invariant free basis number
property.

2. PRELIMINARIES

In this section, we recall certain notation, concepts, and results concerning elementary graph
theory which will be needed in the subsequent sections. By a graph G = (V, E), we mean an
undirected simple graph with vertex set V and edge set E. The complement G of graph G is the
graph whose vertex set is V(G) and two vertices u,v are adjacent in G if and only if they are
not adjacent in G. For a subset A C V(G), (A) denotes the induced subgraph of G. Two graphs
G = (V,E) and G' = (V', E’) are said to be isomorphic if there exists a bijection ¢ : V. — V'
such that (u,v) € E if and only if (¢(u),¢(v)) € E’. The diameter of a graph is defined as
diam(G) = max d(u,v), the largest distance between pairs of vertices of the graph, if it exists.

)

Otherwise, diam(G) is defined as co. For unspecified terms in graph theory, one may refer to[6, 14]
and we refer to Golan[10] for basic notions and results on semirings and semimodules.

Let us recall the definition of non-zero component graph of a finite dimensional vector space
and some results from [7, 8, 12].

Definition 2.1. ([7], Graph from Vector Spaces) Let V be a vector space of dimension k over

a field F. Assume that {a1,e,...,ar} is a basis and 0 is the null vector. Then, any vector a
€V can be expressed uniquely as a linear combination of the form a = ajaq + asag + -+ - + apag.
This representation of a is called as its basic representation with respect to {ay, s, ..., ar}. The

non-zero component graph of V [7], denoted by T'(V), is a simple undirected graph with vertex set
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as non-zero vectors of V and such that there is an edge between two distinct vertices a,b if and
only if there exists at least one a; along which both a and b have non-zero scalars.

The following are the results proved in [7, 8, 12].

Theorem 2.2. ([7, Theorem 4.1]) Let V be a vector space of dimension k over a field F. Then the
non-zero component graph T'(V) is connected and diam(T'(V))=2.

Theorem 2.3. ([7, Theorem 4.2]) Let V be a vector space of dimension k over a field F. Then the
non-zero component graph T'(V) is complete if and only if V is one-dimensional.

Theorem 2.4. ([7, Theorem 7.1]) Let V be a vector space over a finite field F with q elements and
T be its associated graph with respect to a basis {a1, e, ...,ar}. Then, the degree of the vertex
c1a, + covyy + -+ + e, in T(V), where cico .. .cs #0, is (¢° — 1)g" = — 1.

Lemma 2.5. ([8, Lemma 3.1]) If V be a k-dimensional vector space over a finite field F with q
elements, then the minimum degree § of T'(V) is ¢* (¢ — 1) — 1.

Theorem 2.6. ([8, Theorem 3.6]) If V be a k-dimensional vector space over a finite field F with
2k k k
q elements, then the order n of T'(V) is ¢* — 1 and the size m of T'(V) is %.

One of the most important topological properties of a graph is its genus. In the paper [12], we
characterized the planar and toroidal nature of I'(V). More specifically, we characterized all finite
dimensional vectors spaces V over finite fields for which I'(V) has genus either 0 or 1 or 2. The
results in that respect are given below.

Theorem 2.7. ([12, Theorem 4.1]) Let k > 1 and q > 2 be integers. Let V.= F*)(F) be a k-
dimensional vector space over a field F with q elements. Then T'(V) is planar if and only if either
k=1andq<5 (or) k=2 and g=2 (or) k=3 and ¢ = 2.

Theorem 2.8. ([12, Theorem 4.3]) Let k > 1 and q > 2 be integers. Let V.= F*)(F) be a k-
dimensional vector space over a field F with q elements. Then T'(V) is toroidal if and only if k = 1
and ¢ =17,8.

Theorem 2.9. ([12, Theorem 4.5]) Let V = F*)(F) be a vector space over a field F with q elements
and k> 1, ¢ > 2. Then g(T'(V)) = 2 if and only if either k=1 and ¢ =9 or k =2 and q = 3.

Recently, the non-zero component graph of a finite dimensional vector space was generalized for
semimodules over semiring with identity by Bhuniya and Maity [5] and named the graph as the
reduced non-zero component graph I'*(V). Let us recall some basic definitions related to semiring
and semimodules and some results in [5].

Definition 2.10. A semimodule over a semiring S is a commutative monoid (M, +) with identity 0
for which we have a function Sx M — M, denoted by (¢,x) — cx and called scalar multiplication,
which satisfies the following conditions: for all c,d € S and x,y € M :

(1) (c+ d)x = cx + du;

(13)c(z +y) = cx + cy;
(#i1) (ed)x = c(dx);
(iv)lx = x;

(v)e = 6 = 0.

Let B be a non-empty subset of M. Then we denote span(B) = {Z ciz;:n €Nye €S,x; € B}
i=1
If span(B) = M , then B is called a generating subset of M . A semimodule M having a finite

generating set B is called finitely generated. A nonempty subset D of vectors in M is called
linearly dependent if there exists « € D such that z € span(D\ {z}); Otherwise it is called linearly
independent and free if every element of M is expressed as a linear combination of elements of D
in at most one way. It is easy to see that every free subset of M is linearly independent. A linearly
independent generating subset of M is called a basis of M and a free generating subset of M is
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called a free basis of Ml [13]. If M has a free basis then it is called a free semimodule. It is easy to
see that every finitely generated semimodule has a basis [13]. Also every free basis is a basis.

Definition 2.11. A semiring S is said to have invariant free basis number property if any two
bases of a finitely generated free semimodule over S have the same cardinality.

If S is a semiring having invariant free basis number property, then from Corollary 3.1 [13], it
follows that every vector of a finitely generated free semimodule M over S is expressed uniquely
in terms of each basis. The cardinality of a basis of M is denoted by dim(M). Henceforth, unless
stated otherwise, S is a semiring having invariant free basis number property and M is a finitely
generated free semimodule over S. Isomorphism between two semimodules is defined as in usual
linear algebra. It follows from Corollary 5.2 [11], that two semimodules M and My are isomorphic
if and only if dim(M;) = dim(M,).

If X ={z1,2a,...,x} is a basis of a semimodule M, then every vector v € M can be expressed
uniquely as v = cyx1 + - -+ + ¢z ¢ € S. We call ¢; the ith component of v and is denoted by v;.

Definition 2.12. ([5], Graph from semimodules) Let M be a finitely generated free semimodule over
a semiring S with identity having invariant free basis number property and o = {1, a2, ..., ar} s
a basis for M. Then the reduced non-zero component graph T'*(M) [5] of Ml with respect to the basis

a, 1s the graph with vertex set V.= M* \ {zk: cia; 2 ¢ 0V i} and two distinct vertices a,b € V
are adjacent if there exists i such that bothlzil, b; are mon-zero.

The following are the results proved in [5].
Theorem 2.13. ([5, Theorem 3.1)) If dim(M) = k > 3, I'*(M) is connected and diam(I'*(M)) = 2.
Theorem 2.14. ([5, Theorem 3.2]) The domination number of T*(M) is 2.

Theorem 2.15. ([5, Theorem 3.3]) If D = {y1,y2,...,y1} is a minimal dominating set of T*(M),
then I < k.

Theorem 2.16. ([5, Theorem 3.4]) The independence number of T'*(M) is dim(M) = k.

In this paper, we study about the complement of the reduced non-zero component graph [7, 5]
of a finitely generated free semimodule M over a semiring S with identity having invariant free
basis number property. The following are the definition of complement graph of T'*(M).

Definition 2.17. The complement graph of T'*(M) is defined as the graph T*(M,) = (V, E) (or
— k
simply T'* (M) ) with respect to o as follows: V.=M*\{>_ c;a; : ¢; #0V i} and fora,beV, a ~b

=1
or (a,b) € E if and only if there exists no i such that both a;,b; are non-zero. Unless otherwise

mentioned, we take the basis on which the graph is constructed as {ay,aq, ..., ax}.

Throughout this paper, we take the semimodules M are finitely generated and free over a
semiring S with identity having invariant free basis number property and with o = {a, a2, ..., }
as a basis and k = dimg(M) or (ranks(M)).

3. BASIC PROPERTIES OF ['*(M)

The following concerns about I'*(M,) and T'*(Mg) with respect to two bases a and 8 of M of
equal cardinality.

Theorem 3.1. Let M be a finitely generated free semimodule over a semiring S with two bases
a={a,a,...,ar} and B = {f1,02,..., 0k} of M. Then the graphs I'*(M,) and I'*(Mpg) are

isomorphic.

Proof. Define ® : M — M by ®(cia1 + coag + -+ - + crag) = 181 + c2fB2 + -+ + ¢ fg. Clearly
® is an S-semimodule isomorphism on M such that ®(a;) = §; for all i € {1,2,...,k}. It is
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enough to show that the restriction of ® on non-null vectors of M such that at least one scalar
is zero induces a graph isomorphism ® : T%(M,) — T*(Mp). Clearly, ® is a bijection. Let
a = a1y + asag + -+ + apag and b = byag + boag + - - - + bray with a is not adjacent to b in
*(M,). Then, 34 € {1,2,...,k} such that both a; and b; are non-zero. Hence ® (a) is not
adjacent to @ (b) in T*(Mp). Similarly, it can be shown that if a and b are adjacent in T*(M,),
then @ (a) ~ @ (b) in T (Mp). O
Now we shall investigate some of the basic properties such as connectedness, diameter of T'*(M).
The following are trivial.

Note 3.2. If dim(M) = 1, then I'*(M) is null graph. Further if dim(M) = 2 and [S| = 2, then
W(M) is KQ.

In the following results, we prove that I'*(M) is connected in the remaining cases.

Lemma 3.3. Let M be a finitely generated free semimodule over a semiring S. If dim(M) = 2 and
IS| > 3, then T*(M) is connected and diam(T*(M)) = 2.

Proof. Let a and b be two distinct vertices in I'*(M). If @ and b are adjacent in I'*(M), then
d(a,b) = 1. Suppose a and b are not adjacent. Since dim(M) = 2, either of the following is true
for scalars of a and b:
(1) (],17'é07 (1,2:07 b17é0andb2:0;
(il)a; =0, az # 0, by = 0 and by # 0;

When (i) is true. Since |S| > 3, there exists a vertex ¢ € I'*(M) with ¢; = 0 and ¢z # 0. Then,
a — ¢ — b is a path in T*(M). Therefore d(a,b) = 2. Similar fact is true in the case of (ii). m

Theorem 3.4. Let M be a finitely generated free semimodule over a semiring S. If dim(M) > 3,
then T'*(M) is connected and diam(I'*(M)) = 3.

Proof. Let dim(M) = k. Let a and b be two distinct vertices in T*(M). If a and b are adjacent
in T*(M), then d(a,b) = 1. Otherwise, there exists at least one i € {1,2,...k} such that a;, b; # 0.
Since a,b € V(I'*(M)), there exists j and ¢ in {1,2,...k} such that a; and b, are zero.

If j = ¢, then we take a vertex c such that ¢; #0 and ¢; =0forall1 <i# j <k. Thena—c—b
is a path in T*(M) and hence diam(T'*(M)) = 2.

If j # £, then we take a vertex d with dy #0 and d; =0forall 1 <i# ¢ <k.Hencea—c—d—»b
is a path in T*(M) and so diam(I'*(M)) = 3. a

Now we characterize when I'*(M) is complete bipartite.

Theorem 3.5. Let M be a finitely generated free semimodule over a semiring S of dimension k.
Then I'* (M) is complete bipartite if and only if dim(M) = 2.

Proof. Assume that T*(M) be complete bipartite. Suppose dim(M) > 2. Then there exist
a1, a9, a3 € M such that aj,as, a3 are in a basis of M. It is easy to observe that the induced
subgraph ({ay,as,a3}) of T*(M) is K3, which is a contradiction to T'*(M) does not contain an
odd cycle as a bipartite graph. Therefore dim(M) = 2.

Conversely, assume that dim(M) = 2 and {aj3, a2} is a basis of M. Since dim(M) = 2, the
vertices of T*(M) is of the form {(a,b) € M : a =0 or b = 0}. Note that H; = {(a,0) € M : a # 0}
and Ho = {(0,b) € M : b # 0} are independent sets and every vertex in H; is adjacent to every
vertex in Hs. O

Next, we obtain the girth of T*(M).
Theorem 3.6. Let M be a finitely generated free semimodule over a semiring S of dimension k.
Then
3if k>3;
gr(T*(M)) =< 4if k=2 and |S| > 3;
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Proof. Case 1. Let k£ > 3. Assume that A be a basis for Ml with |A| = k£ > 3. The subgraph
induced by A is complete and (A) is K. Hence gr(I'*(M)) = 3.

Case 2. Let k = 2 and [S| > 3. By Theorem 3.5, ['*(M) is complete bipartite and hence
gr(I*(M)) = 4. _ _

Case 3. If K = 2 and |S| = 2, then by Note 3.2, I'*(M) is K5 and hence gr(I'*(M)) = co. O

Now we characterize when I'*(M) is complete.

Theorem 3.7. Let M be a finitely generated free semimodule over a semiring S. Then T*(M) is
complete if and only if dim(M) = 2 and |S| = 2.

Proof. Assume that I'*(M) is complete. Suppose dim(M) > 3. By [5, Theorem 3.1], I'*(M) is
connected and diam(T'™*(M)) = 2, which is a contradiction. Therefore dim(M) < 2. By Note 3.2,
we have dim(M) = 2. Suppose |S| > 3, then (1,0) is not adjacent to (a1, 0) which is a contradiction.
Hence [S| = 2.

Conversely, assume that dim(M) = 2 and [S| = 2. Then I'*(M) is K> as seen in Note 3.2. O
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